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a b s t r a c t
In the present work we introduce certain new subclasses of analytic functions in the open
unit disk U. Then by using a quasi-Hadamard product we discuss their applications in the
space of analytic functions.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction and preliminaries
Let A denote the class of functions of the form f (z) = z + a2z2 + a3z3 + · · · which are analytic in the open unit disk
U = {z : |z| < 1} and normalized by f (0) = f ′(0)− 1 = 0.
Let ε+α denote a special family of functions that the present authors (cf. [1–3]) introduced of the form
F(z) = z +
∞−
n=2
anzn−n/α, α ∈ N \ {1}, (1)
which are analytic in the open unit disk U and normalized by F(0) = F ′(0)− 1 = 0. When α goes to infinity then n− n/α
approaches n; hence ε+α = A.
Throughout this work we consider the following families of functions:
f (z) = a1z +
∞−
n=2
anzn−
n
α , (a1 > 0, an ≥ 0, α ∈ N \ {1}), (2)
fi(z) = a1,iz +
∞−
n=2
an,izn−
n
α , (a1,i > 0, an,i ≥ 0, α ∈ N \ {1}), (3)
g(z) = b1z +
∞−
n=2
bnzn−
n
α , (b1 > 0, bn ≥ 0, α ∈ N \ {1}), (4)
gj(z) = b1,jz +
∞−
n=2
bn,jzn−
n
α , (b1,i > 0, bn,j ≥ 0, α ∈ N \ {1}), (5)
which are regular and univalent in the unit disk U.
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For the functions F(z) = z +∑∞n=2 anzn−n/α and g(z) = z +∑∞n=2 bnzn−n/α the Hadamard product F ∗ g is defined by
(F ∗ g)(z) = z +∑∞n=2 anbnzn−n/α .
A function f ∈ A is called starlike of order α (0 ≤ α < 1) and its class is denoted by S∗(α) if and only if ℜ zf ′(z)f (z)  > α
(z ∈ U). Similarly a function f ∈ A is called convex of order α and its class is denoted by K(α) if and only ifℜ1+ zf ′′(z)f (z)  > α.
Motivated by the definitions introduced by Kanas and Wisniowska [4], we define the following subclasses of ε+α .
For 0 ≤ λ < 1, 0 ≤ β < 1 and γ ≥ 0, let Sp(λ, α, β, γ ) denote the class of functions F defined by (1) and satisfying the
analytic criterion
ℜ

zF ′(z)
(1− λ)F(z)+ λzF ′(z) − β

> γ
 zF ′(z)(1− λ)F(z)+ λzF ′(z) − 1
 . (6)
Also let UCV (λ, α, β, γ ) denote the class of functions F defined by (1) and satisfying the analytic criterion
ℜ

F ′(z)+ zF ′′(z)
F ′(z)+ λzF ′′(z) − β

> γ
 F ′(z)+ zF ′′(z)F ′(z)+ λzF ′′(z) − 1
 , z ∈ U. (7)
Using (6) and (7), we obtain the characterization properties for the classes Sp(λ, α, β, γ ) and UCV (λ, α, β, γ ) as follows:
Lemma 1.1. A function F defined by (1) belongs to the class Sp(λ, α, β, γ ) if it satisfies the analytic criterion
∞−
n=2
n

α − 1
α

(1+ γ )− (β + γ )

1+ λ

n

α − 1
α

− 1

|an| ≤ (1− β).
Lemma 1.2. A function F defined by (1) belongs to the class UCV (λ, α, β, γ ) if it satisfies the analytic criterion
∞−
n=2
n

α − 1
α
[
n

α − 1
α

(1+ γ )− (β + γ )

1+ λ

n

α − 1
α

− 1
]
|an| ≤ (1− β).
Note that when α approaches ∞ then n  α−1
α

approaches n; in this way we have Sp(λ, α, β, γ ) → Sp(λ, β, γ ) and
UCV (λ, α, β, γ )→ UCV (λ, β, γ ), which are special classes that were introduced by Murugusundaramoorthy and Magesh
in [5].
A function f of the form (1) which is analytic in U belongs to the class Sk(λ, α, β, γ ) if it satisfies the analytic criterion
∞−
n=2
[
n

α − 1
α
]k [
n

α − 1
α

(1+ γ )− (β + γ )

1+ λ

n

α − 1
α

− 1
]
|an| ≤ (1− β)
where 0 ≤ λ < 1, 0 ≤ β < 1, γ ≥ 0 and k is any fixed nonnegative real number. The class Sk(λ, α, β, γ ) is nonempty for
any nonnegative real number k as the functions have the form
F(z) = a1z +
∞−
k=2
(1− β)
n

α−1
α
k 
n

α−1
α

(1+ γ )− (β + γ ) 1+ λ n  α−1
α
− 1λnzn− nα .
Further, for any positive integer h > k+ 1 > k > · · · > pwe get the following inclusion relation:
Sh(λ, α, β, γ ) ⊆ Sk+1(λ, α, β, γ ) ⊆ · · · ⊆ UCV (λ, α, β, γ ) ⊆ Sp(λ, α, β, γ ).
2. The main study of a special family of analytic functions
Theorem 2.1. Let the functions fi defined by (3) belong to the family of functions Sp(λ, α, β, γ ) for all i = {1, 2, . . . , r}. Then the
quasi-Hadamard product of f1 ∗ f2 ∗ · · · ∗ fr of functions in the space of analytic functions which are members of Sp(λ, α, β, γ )
belongs to the family Sr−1(λ, α, β, γ ).
Proof. Since fi ∈ Sp(λ, α, β, γ ), by Lemma 1.1 we have
∞−
n=2
[
n

α − 1
α

(1+ γ )− (β + γ )

1+ λ

n

α − 1
α

− 1
]
|an,i| ≤ (1− β)|a1,i|, (8)
which implies
n−1

α − 1
α
−1
|a1,i|ri=1 ≥ |an,i|ri=1. (9)
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Using (8) and (9) for i = r and i = 1, 2, . . . , r − 1 respectively, we get
∞−
n=2

n
α − 1
α
r−1 [
n

α − 1
α

(1+ γ )− (β + γ )

1+ λ

n

α − 1
α

− 1
] r∏
i=1
|an,i|
≤ (1− β)
r∏
i=1
|a1,i| ⇒ f1 ∗ f2 ∗ · · · ∗ fr ∈ Sr−1(λ, α, β, γ ),
as required. 
Theorem 2.2. Let the functions fi defined by (3) belong to the family UCV (λ, α, β, γ ) for all i = {1, 2, . . . , r} and let the
functions gj defined by (5) belong to the family Sp(λ, α, β, γ ) for all j = {1, 2, . . . , q}. Then the quasi-Hadamard product
f1 ∗ f2 ∗ · · · ∗ fr ∗ g1 ∗ g2 ∗ · · · ∗ gq of functions in the space of analytic functions of UCV (λ, α, β, γ ) and Sp(λ, α, β, γ )
belongs to the family S2r+q−1(λ, α, β, γ ).
Proof. Let the product of f1 ∗ f2 ∗ · · · ∗ fr ∗ g1 ∗ g2 ∗ · · · ∗ gq = G; then,
G(z) =

r∏
i=1
|a1,i|

q∏
j=1
|b1,j|

z +
∞−
n=2

r∏
i=1
|an,i|

q∏
j=1
|bn,j|

zn−
n
α .
Since fi ∈ UCV (λ, α, β, γ ) this implies that
∞−
n=2

nα − n
α
[
n

α − 1
α

(1+ γ )− (β + γ )

1+ λ

n

α − 1
α

− 1
]
|an,i| ≤ (1− β)|a1,i|,
and then
nα − n
α
−2
|a1,i|ri=1 ≥ |an,i|ri=1. (10)
Similarly gj ∈ Sp(λ, α, β, γ ) gives
∞−
n=2
[
n

α − 1
α

(1+ γ )− (β + γ )

1+ λ

n

α − 1
α

− 1
]
|bn,j| ≤ (1− β)|b1,j|, (11)
which implies
nα − n
α
−1
|b1,j|qj=1 ≥ |bn,j|qj=1. (12)
Using (10)–(12) for i = 1, 2, . . . , r, j = q and j = 1, 2, . . . , q− 1 respectively, we have (taking t = 2r + q− 1)
∞−
n=2

nα − n
α
t [
n

α − 1
α

(1+ γ )− (β + γ )

1+ λ

n

α − 1
α

− 1
] r∏
i=1
|an,i|

q∏
j=1
|bn,j|

≤
∞−
n=2

nα − n
α
t [
n

α − 1
α

(1+ γ )− (β + γ )

1+ λ

n

α − 1
α

− 1
][
α
nα − n
t
× |bn,q|
r∏
i=1
|a1,i|

q−1∏
j=1
|b1,j|

=
∞−
n=2
[
n

α − 1
α

(1+ γ )− (β + γ )

1+ λ

n

α − 1
α

− 1
]
|bn,q|

r∏
i=1
|a1,i|

q−1∏
j=1
|b1,j|

≤ (1− β)

r∏
i=1
|a1,i|

q∏
j=1
|b1,j|

⇒ f1 ∗ f2 ∗ · · · fr ∗ g1 ∗ g2 ∗ · · · ∗ gq ∈ S2r+q−1(λ, α, β).
Hence the proof is complete. 
Theorem 2.3. Let fi defined by (3) belong to the family UCV (λ, α, β, γ ) for all i = {1, 2, . . . , r}. Then the quasi-Hadamard
product f1 ∗ f2 ∗ · · · ∗ fr of functions in the space of analytic functions of UCV (λ, α, β, γ ) belongs to the family S2r−1(λ, α, β, γ ).
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Proof. To prove the theorem, we need to show that
∞−
n=2

nα − n
α
2r−1 [
n

α − 1
α

(1+ γ )− (β + γ )

1+ λ

n

α − 1
α

− 1
] r∏
i=1
|an,i| ≤ (1− β)
r∏
i=1
|a1,i|.
Since fi ∈ UCV (λ, α, β, γ ), then
∞−
n=2

nα − n
α
[
n

α − 1
α

(1+ γ )− (β + γ )

1+ λ

n

α − 1
α

− 1
]
|an,i| ≤ (1− β)|a1,i|, (13)
which implies that
nα − n
α
−2
|a1,i|ri=1 ≥ |an,i|ri=1. (14)
Simultaneously applying (13) and (14) for i = r and i = 1, 2, . . . , r − 1 respectively, we get
∞−
n=2

nα − n
α
2r−1 [
n

α − 1
α

(1+ γ )− (β + γ )

1+ λ

n

α − 1
α

− 1
] r∏
i=1
|an,i|
≤
∞−
n=2

nα − n
α
2r−1 [
n

α − 1
α

(1+ γ )− (β + γ )

1+ λ

n

α − 1
α

− 1
]
×

nα − n
α
−2r+2 r−1∏
i=1
|a1,i|
 |an,r | ,
≤ (1− β)
r∏
i=1
|a1,i| ⇒ f1 ∗ f2 ∗ · · · ∗ fr ∈ S2r−1(λ, α, β). 
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